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ACOUSTICAL AND OPTICAL BEAM DISPLACEMENT 
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Panama City, Florida 32407 

(Submitted f o r  Publication April 21 ,  1982)  

The occurence of acoustical and optical beam displace- 
ment effects at an interface of a liquid crystal and 
another medium is explored. In contrast with earlier 
discussions of infinite plane wave interactions, it 
is argued that finite beams will undergoobservable 
beam displacements, The amount of participation by 
differrent regions of liquid crystalline surfaces, 
contributing to displacement, is evaluated for undis- 
turbed surfaces as well as for those subjected to 
external fields, Beam displacement effects are shown 
to have measurable values which are of importance in 
optical computing using LC components, due to their 
potential for error generation, 

The existence and significance of evanescent waves in 
1 iquid crystals has recently been discussed by Moritz.’ I 2  

These discussions have been limited to consideration of plane 
wave incidence on infinite half-spaces. While these situa- 
tions are of general interst, a more practical and relevant 
problem is that of finite beaminteractions. The question of 
general finite beam interactions is of substantial importance 
since optical signal and image processing are evolving into 
a mature stage, with a recognizable role for liquid crystal 

modes as discussed by Soffer et a1.5 This communication 
addresses the subject of finite beam effects, and in parti- 
cular, beam displacement effects in liquid crystals for both 
electromagnetic and ultrasonic beams, 

in particular, devices using the variable grating 
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82 E.MORITZ 

Acoustical beam d splacements occuring in the reflection 
of ultrasonic beams, w t h  a Gaussian amplitude distribution, 
has been discussed for liquid-solid interfaces by Breazeale, 
Adler, and Flax6(BAF), BAF demonstrated the beam displacement 
through Schlieren phot-graphy oftheultrasonic beams re- 
flected at water-aluminum and water-brass interfaces. The 
ultrasonic and optical beam dis lacement effects were also 
discussed by Tamir and Bertoni!” A survey of relevant 
reviews of ultrasonics9~” and 1 ight interactions t2-14 with 
liquid crystals, indicates that the beam displacement question 
has not been addressed in the context of liquid crystals, 

Optical lateral- beam displacement effects at interfaces 
can be summarized as follows: when finite beam incidence 
occurs near the critical angle of total reflection, the 
reflected beam undergoes a substantial lateral shift (A) 
from the position expected in the geometric optics approxima- 
tion. The analogous situation occurs with ultrasonic inter- 
actions at boundaries. The conclusion of TB and BAF indicates 
that the concept of evanescent waves must be generalized, 
If we consider two lnflnite half spaces with an interface at 
za0,evanescent waves’ are essentially waves that propagate 
at the Interface and decay exponentlally away from It. Con- 
sldering a homogeneous wave equation (V 
J, representing the field components, k the plane waves In the 
z<O half s ace, 

+k2)+=0, for z<O, wlth 

I) =exp(l(kxx~kZz*wt)), the disperslon relation 
kzR(k2-ki) P holds; for kx13k, IJJ represents evanescent waves, 

These evanescent waves occur, in general, only for dis- 
crete real values o f  kx which will be labeled kp., The general- 
ization i s  in recognizing that the propagation constants kx 
may assume a discrete set of complex values kp=B+ia, The waves 
are then termed complex guided waves or leaky waves, They may 
propagate wtth decay along the x and z axes, in a lossless 
medium, While this situation is not ablssible for a plane wave 
wlth real k, it is qulte admissible for an evanescent wave of 
fTnlte extent to exclte a leaky wave field, The lmaglnary 
component of kp, the attenuation coefficient a, thus Is not 
restrlcted to absorptton losses and may represent losses due 
to leakage of energy from the guldlng interface region, It I s  
thls leaky wave which offers the explanation for the lateral 
beam dtsplacement, Flgure 1 depicts the beam displacement A 
for an tnctdent bounded beam of width w, as compared to the 
antlcipated geometrlc optical reflection, The leaky wave 
assoctated with kp contlnuously leaks energy at an angle 

- 

= stnJ(B/k] into the lower half space ( z K O ) ,  eP 
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BEAM DISPLACEMENT IN LIQUID CRYSTALS 83 

0 

X axis 

Figure I :  Lateral displacement of reflected beams; 
solid lines-actual incident & reflected 
beams, dashed lines- non-displaced idealization. 

Liquid crystalline phases offer a diversity of boundary 
conditions since they present dielectric anisotropies and 
multilayered structures, As a result of this diversity a 
variety of forward and backward leaky waves may exist. In this 
note, emphasis is placed on the forward leaky waves, 

The interaction between an incident beam and a leaky wave 
structure obtalns lts largest magnltude when the phase match- 
lng condltlon sine =f3/k=sinOp is satlsfled, where8 is the 
angle o f  incldence. Note that this first-order analysis assumes 
that Interface between the llquid crystal and the second 
medium Is a plane interface wlth the liquid crystal directors 
uniformly aligned, The case of fluctuating or distrlbuted 
director angles is treated in the manner of reference 2, 

Following TB, the lateral shifts are dependent on the 
product of illuminated interface halfwidth and the attenuation, 
A useful bounded beam approximation Is the Gaussian beam (e. 
laser beam) with an electric field distributlon E(x)= (d~)~': 
exp( -x2/w2) where w is the half beamwidth at the point where 
IE1 decreases to l/e of its maximum value, The harmonic time 
dependence exp(-lwt) is imp1 ied, The condition of boundedness 
of  the beam wlll be manlfest if the wavelength in the non- 
liquld crystalltne space satisfies the restriction kp2nw/X>>1, 

The aperture illumination may be represented in the ran e 
-h<z<O by a Fourier spectrum composition (for &and a=(k2-c 4 1%) 

with F( ) the spectral amplitude which contains the Gaussian 
dlstribution. The reflected field may then be represented as 
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84 E.MORITZ 

where p(S)  i s  the modulus and $(5) i s  the phase o f  the wave 
re f lec tance c o e f f i c i e n t ,  
discuss m u l t i p l y  layered media such as smectics o r  pe r iod i c  
cases as obtained through v a r i a b l e  g r a t i n g  modes and Wi l l i am ’s  
domains. 

A t  t h i s  po in t ,  one may des i re  t o  

The s a l i e n t  f ea tu re  o f  d e t a i l e d  ana lys i s6 ’ *  i s  t h a t  the  
l a t e r a l  s h i f t  o f  the r e f l e c t e d  beam increases w i t h  increasing 
beam widths and a t tenuat ion ;  f o r  a m u l t i p l y  layered s t ruc tu re ,  
the productal tends t o  reach a constant value, A a l s o  increases 
w i t h  a decreasing value o f  the incidence angle 8. The phase 
matching cond i t ions ,  however, must always be sa t i s f i ed .  

Per iod ic  s t ruc tu res  ( i n  the  xy  plane) can be character ized 
by m u l t i p l e  propagation fac to rs ,  i n  con t ras t  w i t h  the  s i n g l e  
value kp discussed e a r l i e r ,  The m u l t i p l i c i t y  f o r  in teger  orders 
n i s  expressed through the cond i t i on  kpn= kp + 2m/d  w i t h  d 
being the p e r i o d i c i t y  length,  

Thus kpn= Bn + i a  =f3 + ia  + 21~n/d, where f3 i s  the phase 
constant o f  the fundumental harmonic, The h ie rarchy  of  phase 
matching cond i t ions  i s  ksin8 = k s i n  epn w i t h  gpn the leak- 
age angle o f  n-th harmonic, Thus, q u i t e  a la rge  number of 
d i f f e r e n t  l a t e r a l  s h i f t s  a r e  poss ib le  s ince  any one of t he  
harmonics may compete, o r  o f f e r  phase matching cond i t ions ,  

I n  the o p t i c a l  case, there  a re  poss ib le  o rd inary  and ex t ra -  
o rd inary  wave couplings f o r  leaky f i e l d s ,  as described ea r l i e r :  
due t o  the  c r y s t a l l i n e  aspect (un iax ia l  , i n  general,  for nema- 
t i c s ,  b i a x i a l  f o r  smectics and b i a x i a l  nematics such as those 
discussed by Saupe’hd P le ine r  and Brand l6) .  I n  the  u l t r a s o n i c  
case, there are  a v a r i e t y  o f  propagating and non-propagating 
modes the leaky waves can couple i n t o ,  

I f  the  e f f e c t s  o f  f l u c t u a t i o n s  i n  d l r e c t o r  o r i e n t a t i o n  a re  
now taken i n t o  account, i n  the manner o f  reference 2, i t  i s  
obvious t h a t  there  always w i l l  be a c e r t a i n  f r a c t i o n  o f  l i q u i d -  
c r y s t a l l i n e  ma te r ia l  whose d i r e c t o r s  w i l l  s a t i s f y  the phase 
matching cond i t ions  fo r  e x c i t a t i o n  o f  leaky waves and conse- 
quent beam displacement, 

I n  order t o  evaluate the  e f f e c t  o f  f l uc tua t i ons ,  one 
needs t o  consider a range o f  values f o r  the phase matching 
condi t ions,  i ,e.,  Opn -Be< 8 i 8pn +68, where68 i s  an 
angular acceptance measure-for phase matching, For the  case 
o f  an undlsturbed sample, 
t ha t  i s  s h i f t e d  depends on the d i s t r i b u t i o n  o f  d i r e c t o r  

t he  f r a c t i o n  o f  a bounded beam 
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BEAM DISPLACEMENT IN LIQUID CRYSTALS 85 

ons, and the order (n) that we are interested in 
as grating periodicities). Adopting the classical 
er theory to illustrate the general features of 
on with nematics, the orientational distribution 
(see notation of reference 2) is 

or i en ta t 
(as well 
Saupe-Ma 
i n t erac t 
function 

with 

Z=/’d (cosa) exp{ A S (3c0s~a-l) 1 
0 -2R.i. 

The fraction of shifted energy to non shifted energy is 
thus propertiona? to the ratio, Q, of director angles satisfy- 
ing the phase matching conditions, to all angles. In other 
words: 

cos (8pn+68ceo) 
Qpn(B0,68) = Zcl J (cosa) d (cosa) 

cos (epn-6e-e0) 

where the mean orientation of the director is 8, and the 
fluctuation angle is a (8 =go + a ) ,  The quantity 68 is 
the angular acceptance of phase mismatch which will allow 
the beam displacement to occur, TB point out that an angular 
acceptance of 10 seconds of arc does not cause any difference 
in the beam displacement A for beam width of 2 mm. The actual 
values of 68 for liquid crystals remain to be determined. 
Results of representative calculations for nematics with a 
Saupe-Maier potential and A$/2kT=2 are given in figure 2.1 
for 68 values of 10, 20 and 30 seconds of arc (cases a,b and c). 

These curves yield the percentage of beam displacement of 
peak value 
grating mode, versus different director angle orientations. 
Note that the discussion revolves about participation amounts 
rather than the actual values of the reflected fields. The case 
o f  ndl g b e s  a qualitative description o f  the beam displacement 
effects in an undisturbed liqnld crystal, When, say a nematic, 
Is sabJected to external flelds (e,g. electric), the director 
orrentation will vary according to gqometry and field dependent 
condrtfons. As a representative case, the Williams Domain Modes 
@Dpll ape ImeTtfgeted wlth director orientation dependence as 
given by Penz and Ford”. The director orientation 
the modulatton 8=80sInc++.1nqzz where qt and 9~ are wave vector 
components sattsfying certaln geometrtcal conditions imposed 
by the cell, 

that will occur for a given order of diffraction 

follow 
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86 E.MORITZ 

words, 
preced 

s 
v a r i a t  
a t  ions 

The f i e l d  induced d i s t o r t i o n s  modify the t o t a l  number 
o f  d i r e c t o r  angles s a t i s f y i n g  the beam displacement condi t ions.  
The v a r i a t i o n  of  the d i r e c t o r  due t o  the ex terna l  f i e l d s  i s  
accounted f o r  by i n t e g r a t i n g  over the  angle e0. In o ther  

Bo becomes a continuous v a r i a b l e  according t o  the 
ng expression , and Qpn+QINTEG,pn' JQpn(e,S€J)de , 

nce we a r e  i n te res ted  on ly  i n  surface e f f e c t s ,  the  z 
on does no t  en ter ,  and we a re  concerned on ly  w i t h  v a r i -  
along the x a x i s  (e.g. i n  a d i sp lay  c e l l  where the 

c e l l  faces are  i n  the xy  plane). 

When we consider the r a t i o  o f  Q w e r  a na tura l  leng th  
scale and taks  I n t o  qccount the  equivalence o f  d i r e c t o r  
o r i e n t a t i o n  (n and Tn), we see t h a t  the  i n t e g r a l  can be simply 

expressed as e o  cos(8pn+88-8) 

QINTEG,pn (e0,Se) =I{ p (cosa) d (cosa) } d6. 

-eo  cos(8pn-68-8) 

To i l l u s t r a t e  the e f fec t  o f  the f i e l d  on t h e r a t i o  o f  
d i r e c t i o n s  p a r t i c i p a t i n g  i n  the  beam s h i f t s ,  t o  non p a r t i c i p a -  
t i n g  d i rec t i ons ,  the g r a t i n g  order  dependence epn i s  p rov is ion-  
a l l y  suppressed by s e t t i n g  B p n 4  Figure 2.2 dep ic ts  the e f f e c t  
o f  regu la r  d i s t o r t i o n  (Wi l l iam's  domains) f o r  €Ipn=0 and n=O 
cond i t iond  corresponding t o  10,20 and 30 seconds o f  arc.  While 
a t  f i r s t  i t  appears t h a t  there  w i l l  be less  beam displacement 
by the  f i e l d  induced d i s t u r t e d  surface, i t  must be reca l l ed  
t h a t  i t  represents a very spec ia l i zed  s i t u a t i o n .  The o v e r a l l  
beam displacement e f f e c t s  requ i re  summation ove r .a l1  g r a t i n g  
modes, i ,e.  QINTEG,~ = Cn QINTEG,~~( eo,Se), The summation 
i s  from n=O t o  a cutof f  modenumber determined by the actual  
boundaries o f  the g r a t i n g  pa t te rn ,  I t  can be seen, however, 
t h a t  f o r  the  und is to r ted  s i t ua tu ion ,  an asymptotic sa tu ra t i on  
e f f e c t  i s  present, wh i l e  f o r  the  n=O mode of the f i e l d  d i s t o r y  
ted  case there i s  an exponential type increase i n  the beam 
displacement p a r t l c i p a t i o n ,  

The s i t u a t i o n  i n  the  acous t ic  case i s  expected t o  be 
s i m i l a r ,  t t  Is apparent,however, t h a t  w i t h  Increasing use o f  
analog computing devices u t i  1 i z i n g  1 iquid,,crystal components, 
the presence of Gem displacement e f fec ts ,  even at; a conserva- 
t i v e  percent l e v e l  (suggested by f t gu re  2,2), w i l l  i n t r o -  
duce computing e r ro rs ,  The ac tua l  e r r o r  ra tes  a re  no t  the same 
as the beam displacement q r a t i o s  discussed since actual  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
30

 2
1 

Fe
br

ua
ry

 2
01

3 



BEAM DISPLACEMENT IN LIQUID CRYSTALS 87 

errors depend on the angles and resolutions required, However, 
in devices that aim towards very high data rates or with 
multiple liquid crystalline components, this source of com- 
puting errors needs to be recognized. 

FIGURE 2-(1) Q-ratios, (2) integrated Q ratios; cases 
a,b,c correspond to 68=10,20, 30 seconds of arc. 
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